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ABSTRACT OF THESIS

SECONDARY EMISSION EFFECTS IN ION BEAMS

7747

There are many reasons to believe that electric propulsion
is the most suitable way, known at the present time, of thrusting
rockets for very long trips in space. In the last few years, many
research works have been conducted on the explanation of phenomena
occuring in, and the design of, electrostatic thrustors.

In one of these research works, it was found that the power
of an ion-beam engine, when an electron source is introduced into
it, increases remarkably in regard to the expected values. This
could have been due to a meaningful space charge compensation of
the ion beam by secondary emission. This research work attempts
to verify this explanation of the phenomenon.

This thesis is based on existing publications that deal with
the solution of ambipolar space-charge problems.

The result of the analytical treatment of the proposed model

shows that the unexpected power increase could have hardly been

due solely to the space-charge compensation. %\%

Carlos Marazzi

Electrical Engineering Department
Colorado State University
November, 1964
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INTRODUCTION

Sandborn and Baldwin [1]1 found (during experimentations
with a focused ion-beam-thrustor) that the ion-beam-power increases
remarkably by introducing, close to the ion-emitter, an electron-
source, This increase in beam power is many times over the ex-
pected values.

The first part of this thesis gives an outline of thoughts
developed during preliminary study of a possible model which might
explain the increase of power in the ion-beam-thrustor.

The second part deals with the analytical solution of a proposed
model and the evaluation of special cases. The evaluation, using a
digital computer, of the potential distribution between infinite parallel
plates with space-charges and space-charge-free zones is given in

an appendix.

BACKGROUND OF THE PROBLEM

An exact mathematical description of the current increase
when two different 'charge carriers'' are flowing in the same space
and in opposite directions is given in Ref. [2] and [3]. Paper [2] by
I. Langmuir from the year 1929 describes: electric field, potential,

and space-charge distributions.

! For bracketed references, see Annotated Bibliography on page 18.
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Muller-Liibeck [3] makes a rigorously mathematical analysis
using the same model as I. Langmuir. Both consider the ideal case
of parallel plane surfaces for the electrodes and zero initial velocity
of the ''charge carriers'. The electric field is zero at the surfaces.
These works and others on the subject have concluded that current
density increases of about 1.86 times, with respect to the case of
the unipolar flow are possible. This density increase occurs when:

J
P

J
e

1.0

i L;B

where:

mp and me are the masses of the ions and electirons;

Jp and Je are the current densities;
that is, when both space charges are of equal number. However,
the observed increase of current in the ion-beam-thrustor [1], was
up to 25 times greater than without the electron source,

In this case [1], the electron-source was a thoriated tungsten
wire ring of 1.43 cm(0.57 inch) diameter heated to about 1370%K.
The accelerating potentials used during the experimentation were
from 2 to 5 kV, and the focusing used was a Pierce accelerator
system. This focusing system assumes a very thin beam, so that in
the aperture of the accelerator the potential surface should approxi-
mate a plane. In the case of the thrustor, the aperture was 2.05 cm

(0.83 inch), and the ratios % (D stands for the diameter of the beam
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and L. for the distance between the accelerators) that were used,
were between 0.6 and 1.4. These low values for % cause the beam
to spread, so that the potential surface in the accelerator's aperture
is no longer a plane, and as a consequence the electric field is non-
homogeneous. In [1] (Fig. 13 and 14) the amount of power lost by

the non-homogeneity is shown.

THE MECHANISM OF THE PHENOMENA

There are various theories with respect to this phenomenon.
One possible mechanism is that the electrons arriving to the ion-
emitter with high energy produce a large number of secondary elec-
trons., These secondary electrons should create a negative-space
charge in the same place or near the ion's 'virtual cathode'. The
potential and the field distributions will be modified, thus reducing
the space charge and a greater number of ions can leave the ion's
virtual cathode.

In the case here considered the bipolar space charge is created
by two sources. One is an ion-emitter in an accelerating field. The
other is the secondary emission of electrons produced by primary

electrons with high energy coming from an electron-emitter,

SPACE CHARGE DISTRIBUTION IN THE CASE TO BE CONSIDERED

Figure 1 shows the system composed of an ion-emitter and

an electron-emitter. The ions are emitted with an initial velocity
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Vp0=/= o and create in the neighborhood of the emitter a cloud of
positive charges. In this cloud the ions have zero uniform velocity
and therefore the space charge has a maximum value.

The electrons are emitted also with an initial velocity Veo# o]
and are accelerated in a high potential field, making a very small con-
tribution to the space charge near the ion-emitter.

The electrons arriving at the ion-emitter with high energy pro-
duce secondary electrons with energies between 2 to 20 volts. These
secondary electrons are in a retarding field and after losing their
kinetic energy fall back to the ion-emitter and probably cause tertiary
electrons. In this way a negative space charge is created near the
emitter which reduces the space charge-limitation of the ions. Figure
1 shows also the approximate space charge distribution.

To study the problem of the ion current increase due to the
effect of the negative space-charges only the space between dO and
d* is considered. This is done because the space between x =0 and
X = d0 is influenced mainly by the ions space charge, where the ions
have velocities between the thermal initial velocity Vpo and zero
at do., The space between d* and d is mainly influenced by the
accelerating ions and the secondary electrons. Because the primary
electron source will give a secondary contribution only and may not
be parallel to the ion beam, it is not considered in the study of ion

current increase. The result of these simplifications is the model



shown in Figure 2. The secondary electron-space charge has a finite
value at the surface of the emitter given by the initial velocities of the
electrons, and it increases in almost hyperbolic form until the point
d*, At d* the electrons lose their kinetic energy and the space
charge reaches a maximum. Therefore, with regard to the space
charge effects, the electron current going from the emitter to dx*,
and the one coming back to the emitter, can be considered as twice
the current flowing from d* to the emitter. The electrons have zero
initial velocity at d* and a finite ve locity Veo at the emitter,

For the space between x =0 and x =d*, the problem is sim-
ilar to the one explained in [2] and [3]. The main differences
are: the distance between 'plates'’ is not constant and a decrease
of the distance can give a further increase of the current; and the
ratio of space charges is a function of the primary electron current,
which can be controlled by the temperature of the electron emitter.

The location where the electrons have zero velocity and turn
back to the emitter will always be beyond the main positive space
charge region, because as long as the electrons are moving in the
positive space charge they do not see a meaningful retarding potential.
There is no possibility that the maximum of the negative charge can
be at the same location as the positive charge. However, there must
be a location where the negative space charge has a maximum, be-

cause there is a location where the electrons have zero velocity and
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fall back to the emitter. Thus a partial 'neutralization' of the positive
space charge takes place.
Assuming the absence of electrons and zero initial velocity for

the ions, the ion current density [5] is given by

3/2
; -t = Ia "
po 9 o/ m d
p
where J  =ion current density in A/cm?;
d = distance between emitter and point where the potential
is VA;
e = charge of each ion. (It is considered of the same abso-

lute value as the charge of an electron, because it is

assumed that there is single ionization only.)

POISSON'S EQUATION FOR TWO DIFFERENT SPACE CHARGES

FLOWING IN THE SAME DIRECTION

To find the ion current increase due to presence of secondary
electrons at the ion-emitter's surface, we solve the Poisson's
equation for the simplified model explained above.

Here we make use again of Figure 2. In this case the ions are
in an accelerating field and the electrons in a retarding field. Thus

the energy equations are

N -
ol
ol

[\ ]
]
¢}



which gives
and

The general

d?v
dx?Z

defining:

expression of Poisson's equation is:

d®v 1
. + . =
IxZ - Y p=0

€
ZP=Pp'Pe
A AD SS
dx eo Pe pp

v 1 .i - EE
dx? € v A
o) p e

substituting into equation (10):

me
Tk = 2 __ =
U Veo 2e
J m
a = —P- /B
J m
e [S]
y = l . y* = E
Va Va
s _-:.)_(. S* = ﬁ
d ’ d

(13)
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and using equation (1), we find:

J !
,d_%’zz‘ﬁ_ﬁfl_l ___1__! (14)
4?79 T Wy e oy |

For the space between x = 0 and x = d*, integrating according to:

dy|?|_ dy d¥
| |7 3 ast (15)

we integrate twice as follows:

2 5 f y 1

8 P 1 a

SR = - e dy (16)
9 oo WY yF-y

to integrate with limits between 0 and 1 we change the variable

/dy
tds

=L (17)
IJ’ y* 2
and thus
=34 [T : 1/2
N L o [P
—t e —— — ! _I_ — 1T - -
po B
Integrating again:
S* o /' 1
3 3/4 d
ds = Z y* / Jpo ' T = e ]1/2
-0 p "o [Vt = (¥1l-p-1;
(19)
J
oo osdd [Cpo 1 1
Sr—y J_ h;l,l,, a} (20)
P B
1 .3 : . . .
where h(u, ;_3,-) Is 7 of the right side integral. This integral was

solved for a similar case in [3].
Solving now for the space between d* and d, (a = ), equation (14)

becomes:
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J
d%y 4 p 1
ds 9 Jpow/y
The first integration gives
J
dy|* _ 8 p 1/2
ds =93 3 2y + C (22)
po
The evaluation of C can be obtained from equation (16) after inte-
grating for s = gs*, that is:
dy) 2, 16 JE 1/2 1
i = — £ — — 3
ds| | 5 7 7 (1 a (23)
. ‘s =g8% po
J
. _agxif2 L 8 P
C = -2y = 37 (24)
po
Substituting in equation (22) and integrating again:
1 1
ds = 3 /Jp0\1/2 ( dy (25')
5T % &J } J 1/2 1 1/271]/2
g * p y>:< ! Yy a y
| Jpo\l/z X
1 -S"*=E“-j——; R(Y’E; (26)
VP
where R :\y*, é] can be solved substituting: y = t2.
\ 1
1 3 t dt
R(y* -—\ = = 2[ — (27)
\v 7 a; 4 / I
' R t -5 yrl\
VR
3
1 2 1 4 2 1
X -] = = * - - k- gk + — - — 2
R(y,a (ay+l la‘\/y N 1ala(8)

Solving for the case a =1, the expression for R (y*. 1) becomes

R (y*, 1) =(2+/y*+ 1)"-,/1 - \yx (29)
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a = 1, stands for equal amount of space charges in the space between

o and x =d*, For the case of cesium atoms the value of \/;—mn—%

is about 500 (see footnote 2).

X

Therefore, an electron current density 500 times the ion
current density, is necessary to approach the value a =1, Thus, we
have two equations, (20) and (26) with the unknown s*, Substituting

equation (20) in (26) we obtain:

1 2
+ *, =
R |y*, a) (30)

The value of h(1,1) was evaluated in [2] and [3] and is 1.36134.

Equation (30) becomes:

3
J v .
TIB' ={1.36134 y%~ + R (y*, 1) (31)
PO
-2
2Elec'cron mass: m_ = 9.11x10 8g
Cs - ion mass: mp =(Z + N)1837 m_
m
—LB - /244,321
me
J
a = 494.28 3P-
e
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EVALUATION OF J [J
pb_Dpo

The function (Jp/Jpo) = f(y*) was evaluated for the case of
a =1, This case represents a very large electron space-charge.
Table I shows the program and the results obtained.
Figure 3 shows that the current density increase as a function
of the dimensionless kinetic energy of the secondary electrons,
y* = Ux* /VA. A maximal current increase of 4.5725 is obtained when
the secondary electrons have a kinetic energy of 0.60 with respect to

the applied acceleration potential.
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CONCLUSION

The problem considered herein differs from that considered
by Langmuir [2] in two respects: first, there is as many electrons
as ions present, while Langmuir is considering an electron rich
system only; second, the present analysis is concerned with the
acceleration of ions rather than electrons.

From the model adopted for this analysis, and its evaluation,
it seems improbable that the large amount of power observed at the
output of the ion beam-thrustor [1] is due only to the effect of space
charge compensation by the secondary emission.

It is possible that the observed phenomena could have been
helped by a second production of ions in the space between the ion-
emitter and the accelerator system. This, of course, could only
happen if enough molecular cesium flows out of the cesium boiler
without being ionized while crossing the porous tungsten. If this was
the case, the large current increase might have been due to collision
ionization of the free cesium molecules by the primary electrons.
The electrons were emitted in a high accelerating potential field,
sufficient to ionize the neutral cesium.

Another supporting argument for this assumption is the im-
pingement effect observed (see Fig. 13 in [1]). The impingement
of the outside ions of the beam with the accelerator's edge could

cause secondary emission. These secondary electrons find a high
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potential accelerating field toward the ion-emitter and thus possibly
collide with neutral cesium atoms in their trajectory to the ion-
emitter. Because that can occur in any place inside of the acceler-
ator system, the ionized atoms are not forced to cross the space
charge limitation zone resulting in a further increase of ions current.
Recently, a paper by Walton L. Howes (Lewis Research
Center, Cleveland, Ohio, NASA Technical Note, NASA TN D-2425,
of August, 1964, was published showing that the current increase in
a space with ambipolar charges can be 25 times greater, if the initial
kinetic energy of the charges is about 5 times its potential energy.
Since these initial conditions appear inconsistent with the observed

phenomenon no consideration was given to it,
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METHODS FOR CALCULATING ELECTRIC FIELDS CONTAINING

SPACE-CHARGE AND SPACE-CHARGE-FREE ZONES

To obtain the potential distribution in a space-charge field
between two infinite parallel plates it is necessary to solve Poisson's

equation in only one dimension [4}]:

Ps is a function of 1J, such that

d?U 1
dx? Clw/U (2)

where Cl is a constant for a given case.

The use of a digital computer simplifies considerably the work
necessary to find the potential distribution, and increases the
accuracy. This problem was solved with a digital computer, IBM
1620, using the language Fortran {I. Figure 4 shows two parallel
plates containing space-charge and space-charge-free zones. The
two horizontal lines represent the parallel plates. It is assumed
that they are infinite to the left and to the right. An ion beam goes
from the zero potential plate to the -100 volt plate, only at the center
of the system. Thus, in this area P; will be different from zero [4].
Equation (3) gives the function of P;

m .1
2 — \ o — 3
p, = J \ e "\ T (3)
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where: J is the current density, m is the ion mass, and e is the
ions charge. On the left and right side of the beam, Py is equal to
Zero,

An iterative method was used to calculate the potential lines.
The function to be computed is equation (4). It is termedthe Liebmann
improvement formula of Poisson's equation ([6] page 317 and 318).

The field is defined by a net of points as shown in Figure 4.
Each of the points is a location in the program, and the values of the
points are their corresponding potentials. By averaging the four ad-
jacent potentials as shown in equation (4):

U ) + U( L U +

Y-, ir 1, ) -0 Y g Pi%
Uij= 1 (4)

the new value will be obtained for the point under congideration. The
subindices i in equation (4) refer to the columns of points in the net
of Figure 4. The subindices ] refer to the rows.,

At infinity in both directions, left and right, the potential
gradient is constant. To simulate this situation, fixed potentials will
be assigned with a constant gradient to the left-most and right-most
column of the net. This is only an approximation, because the con-
stant gradient is very far from the space-charge zone. The error
of this approximation can be reduced by setting the constant gradient
farther from the space-charge zone as in the case of Figure 4. The

iterative method used here is fully justified as follows:
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Poisson's equation for a two dimensional field is

U U -p
322 ayz €

Using increments for the first derivative, it will be obtained ([6], [7]):

au._ Yz + a, y) U(z, ¥)
a9z Az

for the second derivative:

- - +
020 _ Yz + 202, y) Mo v oz, ) Ve s 2z, ) T ey
az* (& z)*
. e +
or: 92U - L(Z + ANz, y) U(Z,X) U(z - Nz, y)
- ezt (az)*
and hence:
U -2U +U
U _ _(z,y+ DY) (z,y) (z,y - Ay)
y* (ay)?
By taking the increments ’Az' = JAy, =L , substituting in

p
equation (15) and calling z =i, and y =j, the following is obtained:

1
U,. L+ U LU U, -au, s -E
G+ 1,07 "(1-1,0)" "(L,i-D" TGy G0 e, P

This equation can be written in the form of equation (4) with only the
difference of llpz'u This factor affects the accuracy of the method.

In the case of a net formed by 10 x 10 points:

Equation (4) is used here to obtain a field described by equation (1).
This is the case where a space charge is created by an emission,

and the potential function follows a '"4/3 power law' given by
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equation (5).

T = TI1 ?_(.
DX Lo d

)4./3

It is assumed in equations (1) and (5) that the initial velocity of the

ions is zero, however this is not the real case,

() THE PROGRAM

Table II shows the source program, the data, and the results
of the processing of the condensed program.

Figure 5 shows the flow chart used for this program. The
program starts by setting the boundary values of 100 for the upper
plate, zero for the lower, and the constant gradient values at all
places, This is the case of Laplace's equation. The accelerating
potential for ions is negative and the upper plate should be -100, but
this change of sign can be made in the results, The arithmetic oper-
ation to be evaluated is given by equation (4). Priar to calculating
any potential Ui,j (in the program called X(I,J)), the program has two
decision-statements in order to set pi equal to, or different from,
zero, For the central columns, between column 9 and 13, 0, is
made different from zero. The iterative approximations are made
20 times, and the results are punched in cards. Each card will con-
tain half a row. The complete row will not be punched because the

expected field lines are completely symmetrical with respect to the

central line. A typing statement for X(11, 6) equivalent to the center



’

l

START

all
X(I,J)=00

1

Set valuestO—-90
inX{ 1,LJ)

& X(21,J)
¥

X (1,1)=1000
X(I1.1)=00

X(1,J): RHO= 00

FIG. 5

e

FLOW -CHART FOR PROGRAM (1)
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of the system, makes visible, after each iteration, the change from
the previously calculated value, and therefore, the reduction of error.
The same program and configuration can be used for an ion beam or
an electron beam. The distinction can be made in the evaluation of
the data obtained from the computer.

The processed equation is:

X X -, e, 0T 20, 0 -y R, gy T REO 5
(1,3) 3
and
1
RHO = C_ [/ (6)
*1, )

but to satisfy Poisson's equation, it must be:

RHO = £ :
o P1P;

where P, and p, are the dimensions of the net. In this case

1 — Considering equations (3), (6) and (7),
P,P 200
172
m
1 J e
C = 500 € | 7o , Where (8)
o !
-14 -1 -1]
60 =8.86 x 10 V ~ Aseccm . For the case of an electron
beam
m
- 1 -
--2—§~1683x108[V/ seccm] (9)
Hence,
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L /m -1
L /£ - 1.9x10° {V3/2A 4
€ 2e
o)
and so:
C = JxlO3

Thus, if we enter with the data card the value of 10-3 , it will be
read and located in A, When p # 0, C will be 1073 and that cor-
responds to a current density of J =1 Af/cm?. Correspondingly, a
current density of J =10 mA/cm?, will be represented by a data card
with the value of 10,

In the case of an ion-beam these numbers are different.

Equation (9) for cesium atoms will have the value of:

——

m, 3/2}
1 P 8, V
R " = O. 0 .

< \v > 806 x 10 [ A

Thus,

8
10 5
C—'EO-XJi—5X10 XJi

This result shows that the ion current is 500 times less than an
electron current for the same potential distribution. Figure 6 shows
the obtained field lines, and Figure 7 shows the potential distribution
of the center of the system,
This case corresponds to an electron current density of: 10mA/cm?
and an ion current density of: 20uA/cm?.

This is the case of a space-charge between electrodes with

zero electric field close to the emission surface. That means, that

(cont'd page 35)
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the space charges have zero initial velocity in the emitter. Thus,
no potential-minimum exists between the electrodes. An increase
of the emitter temperature would cause an increase of the emitted

"virtual cathode' with a .

current, and therefore, this creates a
. . . . . C
minimum potential, The iterative procedure used here with p Z\fEU-

corresponds only to the "4/3 law'', that is, only to the zone between

the ''virtual cathode! and the collector.

{11) The program for this case was changed, so that one of the points
was held to a constant potential. The point chosen was the X(11, 6)

and it was held to 50.0, that is, the value corresponding to the

ot

l.aplace equation for that point.

For the control of the successive approximations, the point
X(11,10) was chosen, that is, the point with the highest rate of change.

To improve the iteration and to estimate the errors, the num-
ber of iterations was increased to 50. Table III shows the new source
program, the results of the computation and the potential lines. They
also show the values of the point X(11,10), and the differences be-
tween the values of two consecutive iterations. Figures 10 and 11
show the corresponding graphs in function of the number of iterations.
In Figure 10, it is possible to see that X(11,10) approaches the value
of 2, and after 50 iterations it is possible to obtain results with less

that 10%0 error, with respect to the end value. Figure 11 shows

that the differences between successive iterations are so small
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after 50 iterations that a much better result is obtainable only by

increasing the number of iteratioms to 500, 1000 or more.

(III) Given a constant potential between emitter and collector, an
increase of the emitter temperature produces a potential minimum
close to the emitter. This can only occur when the emitted charges
have an initial velocity (thermal velocity) different from zero.

The energy of the emitted charges may have a Maxwellian-
distribution, and thus the potential function between emitter and
potential minimum does not follow the "4/3 law', (''Childs-Langmuir-
space-charge law'" solved for the potential), considered above.

Only under the assumption of a uniform initial velocity, is it
possible to make an approximation to the '4/3 law" in this zone.

The program shown in Table IV is similar to the one shown
in Part (II). Here the evaluation of RHO, if X(I,J) is negative, is
modified. Figure 12 shows the potential lines for this case and

Figure 13 the potential distribution in the center of the system.
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TABLE III
(cont'd)
ENTER DATA C =10
X(11,10) X(11,10) cont'd
10.000 3,931
8.646 3.893
7.791 3,857
7.161 3,824
6.686 3.794
6,309 3.765
5,999 3,739
5.739 3.714
5,516 3.691
5.323 3.669
5.153 3.649
5,003 3.630
4,870 3,613
4,750 3,597
4,643 3.581
4,545 3.567
4,457 3.554
4,377 3,541
4,303 3.530
4,236 3.519
4.175 3.509
4,118 3.499
4,066 3.491
4,017 3.482
3.973 3.475
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TABLE 111
(cont'd)
C =10

‘X(ll ,10) DIFFERENCE X(11,10)cont'd DIFFERENCE
8.643

7.781 1.357 3,259 0.070
7.141 0.862 3,195 0,066
6.651 0.640 3,134 0.064
6.256 0.490 3,076 0,061
5,926 0.395 3,020 0.058
5.643 0.330 2,966 0.0566
5.396 0.283 2,914 0,054
5.177 0.247 2,864 0.052
4,980 0.219 2,815 0.050
4,802 0,197 2.768 0.049
4.641 0.178 2,722 0.047
4.492 0.161 2.678 0.046
4,356 0.149 2.635 0.044
4,229 0.136 2,593 0,043
4.111 0.127 2,552 0.042
4,002 0.118 2.512 0.041
3,899 0,109 2.473 0.040
3,803 0.1073 2.434 0.039
3,712 0.096 2.397 0.039
3.626 0,091 2.359 0.036
3,545 0.086 2,323 0,038
3.468 0,081 2.286 0,036
3,395 0,077 2.250 0.037
3.325 0.073 2.215 0.035
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TABLE IV (cont'd)

C =15
ENTER DATA ENTER DATA (cont'd)

10.000 -3.113
7.969 -3.138
6.613 -3.320
5.552 -3.530
4,679 -7.816
3.912 -4,556
3.196 -3.721
2.480 -13.352
1.691 -7.566
.653 -5.104
-1.759 -4.410
-1.225 -4.,405
-2.170 -4.319
-1.505 -4.499
-2.212 -4.154
-2,033 -4.339
-2.140 -4.357
-2.302 -4,151
-2.549 : -4.,324
-2.728 -4,250
-2.708 -4.296
-2.790 -4, 241
-3.008 -4.382
-2.914 -4,133
-2.982 -4.317
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